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Abstract 
HuSek, M., Productivity of properties of topological groups, Topology and its Applications 44 
(1992) 189-196. 
A result of Comfort and Ross (the product of pseudocompact groups is pseudocompact), its 
generalization by TkaEenko (the product of relatively pseudocompact subsets oftopological groups 
is relatively pseudocompact in the product of groups), and their corollaries from [7] are proved 
here using a simple factorization theorem (generalizing another result of TkaEenko). 
Ke.vwords: Topological group, Malcev operation, pseudocompact, relatively pseudocompact, 
factorization of maps on products. 
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1. Factorization of mappings from products 
A Malcev operation on a set X is a mapping m :X3+ X such that m(x, x, y) = 
m (y, x, x) = y for any x, y E X; the pair (X, m) is called a Malcev space. 
A mapping f: (X, m) -+ ( Y, s) of Malcev spaces is called a homomorphism if it 
preserves the operation, i.e., f(m(x, y, z)) = s(fx,fy,fz). 
Malcev spaces generalize groups in the sense that any group is a Malcev space 
by defining m (x, y, z) = xy -‘z. Any quotient of a group along a subgroup is a Malcev 
space and, moreover, every retract (in Set) of a Malcev space is again a Malcev 
space: if Y c (X, m) and r: X + Y is a retraction, then s(x, y, z) = r(m(x, y, z)) 
defines a Malcev operation on Y. 
Clearly, the category Mlc of Malcev spaces and their homomorphisms has products 
(the operation on the product is defined pointwise). 
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Sometimes it is convenient to regard a Malcev operation as a family {f,,,z: (y, z) E 
X x X} of selfmappings of X having the properties: 
fv.?=lx for any y .5 X, 
&,2(Y) = z for any y, z E X. 
If X is a topological space and m is a Malcev operation on X that is continuous 
as a mapping X3+ X, then (X, m) is called a topological Malcev space. If m is 
continuous in the first coordinate only, then (X, m) is called a left semitopological 
Malcev space. Every right-invariant topology on a group forms, together with the 
canonical Malcev operation of the group, a left semitopological Malcev space. 
If the Malcev operation m on a topological space is given by the family {f,,,z} as 
defined above, then (X, m) is a left semitopological Malcev space iff the mappings 
f,,= from X into X are continuous. This observation implies that every topological 
space can be given a Malcev operation m such that (X, m) becomes a left semitopo- 
logical Malcev space (it suffices to take the j& with y # z as the constant map with 
the value z). Not every topology is a topology of a topological Malcev space (e.g. 
compact Malcev spaces have the ccc - see [S]). 
Every quotient (in Top) homomorphism of left semitopological Malcev spaces is 
an open mapping. Indeed, take such a mapping f: (X, m) -+ ( Y, s). We must show 
that f-‘(fA) is open for every open set A in X. Take p of-‘(fA), hence fp = fu for 
some a E A. There is a neighborhood U of p such that m( U, p, a)~ A since 
m(p,p,a)=a.Forx~Uwehavefx=s(fx,fp,fa)=f(m(x,p,a))~fAandso, UC 
f -‘(fA). 
Products and Malcev subsets of left semitopological Malcev spaces are left 
semitopological Malcev spaces again (and the same for topological Malcev spaces). 
A topological space X is said to be weakly Lindelof if there is, for any open cover 
93 of X, a countable % c 93 with lJ% = X. 
Once can easily show that every weakly Lindelof space is pseudo-w,-compact 
and that every topological space with the ccc is weakly Lindelof (recall that a 
topological space X is said to have ccc if every disjoint family of open nonvoid 
subsets of X is at most countable). Clearly, a countable union of weakly Lindeliif 
subspaces is again weakly Lindeliif. 
Now we come to the basic result of this section. For subgroups of products of 
compact groups, the result was proved in [7] using a quite different approach. A 
topological space X is said to have C?,-diagonal if its diagonal Ax is an intersection 
of countably many of its closed neighborhoods in X x X. 
Theorem 1.1. Let (Xi, mi) be left semitopological Malcev spaces for i E 1 and X be a 
weakly LindelofMalcev subset of n (Xi, m,). Then any continuous mapping on X into 
a space with G,-diagonal depends on countably many coordinates. 
Proof. Letf:X+ Y,Ay=nG,,, G, open in YX Y Define 
8,={BcnXi: B canonical open in flXi,BnX#O, 
f(BnX)xf(BnX)c G,}. 
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Find a countable W,, c B,, such that I._{C n X: C E %,,} 3 X. Put J,, = 
U{R( C): C E %,,}, where R(C) is the finite subset of I the set C depends on, and 
J = lJJn. Clearly, the set J is countable and we show that f depends on J. Take 
x, y E X with pr ,x = pr,y and suppose that fx #fy. There is an n such that (fx,fy) E 
G,. Find a net {x,} in X n IJ%, converging to x and define y, = m, (x,, x, y), where 
MK =rIK W. Then y. E X Y, + ~(4 x, Y) = Y and PrJYy, = mJ(PrJxa, prJx, PrJy) = 
prJx,. The last equality implies that y, E X n lJ%‘,, and, hence, (fx,,fyO) E G,. Con- 
sequently, (fx,fy) E G,, which contradicts our selection of n. 0 
For those who are interested mainly in groups, we shall formulate a group version 
of the above result: 
Corollary 1.2. Let X be a weakly Lindeliif subgroup of the product of groups Xi, 
endowed with right-invariant topologies. Then every continuous mapping of X into a 
metric space depends on countably many coordinates. 
As we have noticed before, every topological space can be regarded as a left 
semitopological Malcev space and each of its subsets is then a Malcev subset. A 
subset X of a product of such left semitopological Malcev spaces X, is a Malcev 
subset of n Xi iff 
where ai = xi if yj = z, and ai = zi if yi # zi. (*) 
Corollary 1.3. Let X be a weakly Lindeliif subspace with (*), of a product of topological 
spaces. Then any continuous mapping on X into a space with GA-diagonal depends on 
countably many coordinates. 
Condition (*) recalls Mazur’s condition for the factorization of mappings on 
products of separable metric spaces [5], but it is different. Other known general 
factorization theorems similar to that in Corollary 1.3 (see e.g. [4]), ususally need 
less than weak Lindelofness for the inner property of X (e.g., pseudo-w,-compact- 
ness) but more for the location of X in the product (e.g. to be close to an open 
subset of the product). 
Remark. If we look carefully at the proof of Theorem 1.1, we see that for X and 
all the Xi we needed the following: 
There exists a mapping m : X x X x X + X such that 
(1) m is continuous in the first variable; 
(2) m(x, x, y) = y for all x, y E X; 
(3) if y, z E X and priy = priz, then prix = pr,m(x, y, z) for all x E X. 
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In the case when X is generated by a family {d,}, of continuous pseudometrics 
and X, are the metric modifications of the spaces (X, di), then condition (3) is 
equivalent to the following condition: 
if y, z E X, i E I and di(y, z) = 0, 
then d,(x, m(x, y, z)) = 0 for all x E X. 
In fact, the mapping m may be defined on a smaller set containing the diagonal of 
XxXxX. 
2. Pseudocompact groups 
Comfort and Ross proved in [2] that any product of pseudocompact topological 
groups is pseudocompact. The proof is based on their characterization of pseudocom- 
pact groups among totally bounded groups G by means of closed G8 normal 
subgroups of the completion of G (every translate of such a subgroup meets G), 
which implies another characterization, namely that every nonempty G8 subset of 
the completion of G meets G (or, the completion coincides with the Tech-Stone 
compactification of G). Later, de Vries established in [3] the latter characterization 
directly; on the other hand, he needed more work to prove the coincidence of the 
completion and the Tech-Stone compactification (but this assertion is not needed 
to prove the Comfort-Ross theorem). We shall present another proof based on 
Theorem 1.1 (or its group version) and on the fact that compact groups have the 
ccc. Moreover, our proof gives without further effort also the above-mentioned 
coincidence (or, the coincidence of the fine uniformity of G and of the group 
uniformity of G). 
We shall need that the factorized mapping in Theorem 1.1 is continuous. Our 
Theorem 1.1 says nothing about that and in general, it need not be continuous. 
Fortunately in the situation we work in, the factorized map is continuous as follows 
from the following lemma. In the class of completely regular spaces, this lemma 
was proved in [l, Theorem 71, which is sufficient in our case, but it may be useful 
to notice that it is valid in the class of regular spaces (though not in the class of 
Hausdorff spaces). 
Lemma 2.1. Every continuous surjection of a pseudocompact space onto a metrizable 
space is quotient in regular spaces. 
Proof. We must show that no regular topology t on X strictly finer than a metrizable 
topology r is pseudocompact. Since r is first countable, there is a sequence {x,} 
converging to x in r but has no accumulation point in t. Find open sets U,, 3x, in 
r such that {U,,} is r-locally finite in X -(x), and take an open set W 3 x in t such 
that l&” n {x,} = fl and define W, = U, - w’. Then { W,,} is a t-locally finite family 
of t-open nonvoid sets. Consequently, t is not pseudocompact. 0 
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In the proof of Theorem 2.3 we shall use the elementary facts that pseudocompact 
groups are precompact (i.e., the group uniformities are precompact), that the product 
of precompact groups is precompact, and that the completion of a precompact 
group is compact; it follows that every product of pseudocompact groups has the 
ccc. For the last deduction one needs to know that compact groups have the ccc. 
It seemed to me that there is no elementary proof of that fact and so I asked for 
such a proof at this conference. D. Strauss was so kind to tell it to me after my 
lecture and later she wrote it down. The usual proofs use the deep results that 
compact groups are dyadic or that they have Haar measure. Strauss noticed that 
one does not need to use the full power of Haar measure. With her kind permission, 
I will present her proof. 
Lemma 2.2. Any compact group has the ccc. 
Proof. 
Claim. A regular space X has the ccc provided it admits a monotone mapping of the 
class of all nonvoid open sets into IO, l] such thatf( G u H) ~f( G) +f( H) whenever 
Gf-lH=kl. 
Indeed, if r is a family of open nonvoid sets in X and y denotes the family of 
unions of countable subfamilies of r, then there is A E y such that f(A) = 
supif(B)]BE, and, hence, U c A for every U E r (for, otherwise, there would 
be an open nonvoid set W satisfying WC U-A, which implies Au WE y, 
f(A u W) >f(A) +f( W) >f(A), which contradicts our choice of A). 
Now, let X be a compact group and 93 be its filter of open neighborhoods of the 
neutral element. For each open subsets W and G of X, let n,(G) denote the 
smallest number of right translations of W which cover G. Put 
f(G)=sup{inf{n,(G)/n”(X): UE%‘, UC W}: WE%‘}. 
Then f is obviously monotone. Also, if Gn fi = 0, there is a WE %I such that 
whenever lJ~93and UC W,wehaven,(GuH)=nU(G)+n,(H),whichimplies 
the required inequality for f: To prove that .f( G) # 0 for G # 0, realize that for 
nonempty open sets U, W we have n,(G)nG(X)2n,(X), and so f( W)S 
llnc(X). 0 
Theorem 2.3 (Comfort and Ross). Any product of pseudocompact topological groups 
is pseudocompact. 
Proof. Let Xi be pseudocompact groups. We shall embed each Xi homomorphically 
into a product of groups M,,.;,j E .J, endowed with (right-)invariant metrics; we shall 
assume that the sets J, are disjoint. Since c n X, = w, by Theorem 1 .l every continuous 
mapping f on n X, regarded as a subspace of n, JJ, M,i, into a metric space, 
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depends on countably many coordinates, say J = IJis ,, JI, where I’E [I]. w, J: E 
[Ji]‘“. The projection pr,(]], X,) is compact (as the product n,, pr,JX,) of 
pseudocompact metrizable spaces). Each mapping Xi + pr.,,(X,) is quotient in regular 
spaces by Lemma 2.1; it is a quotient in all spaces since quotients of topological 
groups along homomorphisms are regular; hence it is open (as a homomorphism 
of left semitopological Malcev spaces), hence n X, + pr.,(]] X,) is open, hence 
quotient. Consequently, the factorized map is continuous on the compact space 
pr,(n Xi) and, so, it is bounded. 0 
The last proof showed more, namely that the factorized map (and hence the 
original map) is uniformly continuous, which implies the following. 
Corollary. The group uniformity of a pseudocompact group is the$ne uniformity and, 
hence, the tech-stone compactijkation of the group is its Bohr compact$cation. 
3. Relatively pseudocompact sets in topological groups 
We shall now turn our attention to the TkaEenko’s generalization of the Comfort- 
Ross result. He proves in [7] that the product of relatively pseudocompact subsets 
of topological groups is a relatively pseudocompact subset of the product of the 
groups. Recall that a subset A of a completely regular space X is said to be relatively 
pseudocompact in X if continuous real-valued functions on X are bounded on A. 
Our approach, which is a modification of the procedure in the proof of Theorem 
2.3, seems simpler than the original one and, moreover, we get also other results of 
TkaEenko as corollaries. Namely, that any continuous real-valued function on a 
topological group is uniformly continuous on any relatively pseudocompact subset 
and, moreover, that the group uniformities and the fine uniformity of a topological 
group coincide on relatively pseudocompact subsets. 
In the proof of Theorem 2.3 we needed the fact that the factorized map was 
continuous and that its domain was compact, as a product of metrizable images of 
pseudocompact spaces. However, a metrizable image of a relatively pseudocompact 
set need not be compact, but its closure is compact. We shall use the following 
simple lemma. 
Lemma 3.1. Let A be a relatively pseudocompact subset oj’a space X and let p be a 
continuous mapping on X into a metric space M. Then ~“x’ = g”. 
Proof. Take an x E PM and find a sequence {a,,} in pA converging to x and 
neighborhoods U, of a, such that { CJ,} is discrete in M-(x). Then the family 
{p-l U,,} has an accumulation point y in X and, clearly, p-v = x. 0 
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We could prove a relative version of Lemma 2.1 (that certain maps are quotient), 
but it seemed that the direct proof that the factorized map is continuous, is easier 
and can be used also for nongroup cases. 
To use Theorem 1.1 the mapping we want to factorize must be defined on a 
subgroup of the product of groups. Taking the algebraic hull of the product of 
relatively pseudocompact sets we lose pseudocompactness, but fortunately it is 
possible to combine Lemmas 3.1 and 3.2 to get what we want. In the sequel, for a 
subset A of a group G we denote by (A) the group hull of A in G. 
Lemma 3.2. [f X, are relatively pseudocompact subsets of topological groups Gi, then 
c<n Xi) = w. 
Proof. Since the restriction of the two-sided uniformity of G, to X, is precompact, 
the closure of Xi in the (two-sided) completion H, of G, is compact. Thus the 
closure C of n X, in n H, is compact and, hence c(C) = w by [6]. Our result follows 
from the fact that (n X,) is dense in C. Cl 
Theorem 3.3 (Tkacenko). The product of relatively pseudocompact subsets X, of 
topological groups Gi is relatively pseudocompact in n G,. 
Proof. We shall proceed as in the proof of Theorem 2.3. We embed every G, 
homomorphically into a product of groups M,;,j E .I;, endowed with right-invariant 
metrics. A continuous mapping f on n G,, regarded as a subset of n, n,Z M;,,, into 
a metric space M depends on (n Xi) on countably many coordinates J (by Theorem 
1.1 and the preceding lemma). It follows from the proof of Theorem 1.1 that f 
depends on the countably many coordinates on a bigger domain, namely on n G, n 
n{n Gi n lJ%,,: n E w}, where Zn are the families constructed there. Denote by P 
the compact subspace prJn X, (by Lemma 3.1 the closure in pr,r] G, is compact). 
Claim. ffactorizes on pr;‘P n n G, via pr,. 
To prove the claim, it suffices to show that x E n{n G, n IJ%,,: n E w} for any 
x E [] G, with pr, E pr,n X,. Take m E w and let W be a canonical neighborhood 
of x in II, K, M,, ; W depends on some coordinates {i, , . . . , i,} c I where it is equal 
to open sets Wjk. Since J is countable, there are canonical open sets C”, n E w, in 
the whole product being parts of members of Y,,,, depending on J, and such that 
pr,C” c W, pr,C” -+pr,xandC”n[]X,#,@.SupposeC”=n, C:‘.Thefamily{Gi,n 
C’y,},, has an accumulation point c,, E G,, (hence it has the same projection as x on 
pr;Xi,). We can find a canonical neighborhood V,, of c,, such that m,,( Vi, n 
Gil, c,,, xi,)= wl. Now, if Vi, n G,, n C:‘, # 0, then W;, n G,, n C:, f 0. Take S, = 
{n E w : V,, n G,, n C:, # ,@}. The family {G,, n Cl: : n E S,} has an accumulation point 
c,> E G,z. Repeating this procedure s times, we-shall find an n E w such that W n 
n Gin C” f 0, which was to be proved. 
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The same procedure shows that the factorization off is continuous on n prJX,. 
Thus the factorized map is continuous on a compact space, hence is bounded. 0 
The proof says that the factorized map is continuous on a compact space, hence 
it is uniformly continuous and, thus we have the following 
Corollary. If A is a relatively pseudocompact subspace of a topological group G, then 
the restriction of the group umformities and of the fine uniformity of G coincide on A. 
TkaEenko proves that his Theorem 3 holds in a more general case, namely: if X, 
are relative pseudocompact in sets Y, which are dense in open subsets of Gi, then 
fl Xi is relatively pseudocompact in n Y,. If we define the collections LB,, in the 
proof of Theorem 1.1 more carefully with respect to Y,, then we get this generaliz- 
ation, too. 
4. Pseudocompact sets in topological Malcev spaces 
The situation in the previous sections is almost ready for application of our 
procedure to topological Malcev spaces. In [9], Uspenskii proved that the product 
of countably compact Malcev spaces is pseudocompact and asked whether countable 
compactness can be replaced by pseudocompactness. It seemed to me that using 
the factorization Theorem 1.1, I could answer this question in the affirmative and 
I announced that at the Oxford Conference. Unfortunately, later on, I have found 
a gap in my proof. The careful reader knows from the previous sections, that to 
answer the Uspenskii’s question, it suffices to embed homomorphically pseudocom- 
pact Malcev spaces in products of Malcev metrizable spaces. In fact, using our 
remarks following Theorem 1.1, one needs much less. 
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